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We derive the relativistic kinetic equation for Compton scattering of polarized radiation in strong
magnetic field using the Bogolyubov method. The induced scattering and the Pauli exclusion
principle are taken into account. The electron polarization is also considered in the general form of
the kinetic equation. The special forms of the equation for the cases of the non-polarized electrons,
the rarefied electron gas and the two polarization mode description of radiation are found. The
derived equations are valid for any photon and electron energies and the magnetic field strength
below about 1016 G. These equations provide the basis for formulation of the equation for polarized
radiation transport in atmospheres and magnetospheres of strongly magnetized neutron stars.
PACS numbers: 52.25.Dg, 52.25.Os, 95.30.Gv, 95.30.Jx, 97.60.Jd
I. INTRODUCTION
Observations of the soft gamma-ray repeaters and anomalous X-ray pulsars showed that these objects can be
associated with the strongly magnetized neutron stars (NSs) with the magnetic field exceeding the Schwinger critical
value of Bcr = m
2
ec
3/eh¯ = 4.412× 1013 G [1, 2]. This has revived the interest in theoretical studies of the interaction
processes between radiation and matter in such fields [3].
Compton scattering is an important process shaping the radiation spectra of the NS atmospheres. Its properties
in the magnetic field differs substantially from the case when the magnetic field is absent. Even the classical non-
relativistic limit of the scattering cross section has a resonance at the energy related to the Lorentz frequency and is
strongly dependent on the photon energy, polarization and the B-field strength [4, 5]. While the classical description
has been useful for understanding the approximate effects of energy, angle and polarization dependence of the cross
section in the magnetic field, it does not include the possibility of the electron excitation to a higher Landau state
corresponding to the resonances at higher harmonics, which required fully relativistic treatment. In the relativistic
regime the recoil of the electron is important and the natural line width of the cyclotron resonances depends on
the spin of the electron. The relativistic scattering cross section for the simplest case of ground-to-ground state
scattering in the magnetic field was derived in [6]. These results were extended to a more general case of scattering to
arbitrary Landau states in [7, 8] and discussed further in [9]. The derived expressions have been applied to modeling
the cyclotron line formation in accreting neutron star atmospheres, but only for the case of one-dimensional thermal
electron distribution because of the complexity of the expressions [10–14]. When the incident photons propagate along
the magnetic field, the resonance appears only at the fundamental frequency and scattering to the higher Landau
levels can effectively be neglected. This allows to simplify the expressions for the relativistic cross sections and to
approximate them by analytical formulae [15].
The transport of photons through the atmosphere involves multiple scattering, which have to be considered either by
the Monte Carlo methods or using the kinetic equations. The former approach was used for a qualitative study of the
line formation process in Her X-1 [16, 17], but it becomes impractical for a large optical depth and when the induced
scattering has to be accounted for, and therefore has a limited field of applications. In the cold plasma approximation,
assuming the coherent scattering, the radiative transfer equation can be formulated as a set of coupled equations for
two normal polarization modes [18]. The influence of the electron temperature on the radiation transport can be
accounted by the Fokker-Planck approximation, for example, by modifying the Kompaneets equation [19] to allow
for the resonances in the scattering cross section [20]. Such a treatment, however, does not account for the effects of
the photon angular distribution and polarization. Photon polarization, however, influences the photon redistribution
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2over the energy [21, 22].
In a sufficiently strong magnetic field, owing to the large Faraday depolarization, the radiation can be described
in terms of two polarization modes. Under certain conditions (depending on the field strength, photon energy and
propagation direction), however, the vacuum resonance is accompanied by the phenomenon of mode collapse and
the breakdown of Faraday depolarization [23–25]. In this case the two-mode description fails and instead the kinetic
equations have to written in terms of the Stokes parameters or the coherency matrix. In the case when the induced
scattering needs to be accounted for, the situation complicates further as there is no intuitive way to get such an
equation.
The aim of this paper is to derive from first principles a general kinetic equation for Compton scattering in any
magnetic field accounting simultaneously for photon polarization in terms of the Stokes parameters, for the induced
scattering and the Pauli exclusion principle for electrons. We use methods of quantum statistics and follow an
approach similar to that used for derivation of the kinetic equation for Compton scattering without magnetic field
[26]. The resulting equations are valid for any photon and electron energies, and for the magnetic field strength below
about 1016 G. In the most general case, the electron polarization is also taken into account. We also consider several
special cases and derive the kinetic equations when the electron gas is non-polarized and rarefied as well as when the
radiation can be presented via two polarization modes. The derived equations provide the basis for construction of
the models of radiation transport in atmospheres and magnetospheres of strongly magnetized neutron stars.
II. DESCRIPTION OF THE ELECTRON AND PHOTON GASES
We use the system of units where h¯ = c = me = 1. We assume that the magnetic field is locally homogeneous,
which is justified, because the scales of changes of the B-field are orders of magnitude larger than the microscopic
magnetic scale for conditions in atmospheres of NS and even the geometrical depth of the atmosphere. The magnetic
field is described by the dimensionless parameter b = B/Bcr. We choose the reference frame in any space-point so
that the z-axis coincides with the magnetic field direction. The following assumptions about the time scales are used:
1. The typical time scale on which the distribution function changes (for electrons and photons) is much larger
than the typical time scale between the interactions.
2. The plasma is sufficiently rarified, so that we can use a generalization of the Bogolyubov method for the case of
quantum statistics to derive the kinetic equation.
3. The typical time scale of a single interaction is much smaller than the typical time scale between the interactions.
A. Descriptions of single particles
The electron states are described by the wave-functions Ψnσ(r, Y, Z). Its arguments are the space-time coordinates,
the momentum projection Z on the direction of the magnetic field, Y describing location of the center of electron
gyro-orbit (its y-coordinate), the Landau level n, and the spin projection σ on the magnetic field direction (σ = ±1
in h¯/2 units). Dimensionless energy of an electron in this case,
Rn(Z) =
√
1 + Z2 + 2bn, (1)
is independent of Y . The energy levels are degenerate with the spin projection on the magnetic field direction, except
for the ground Landau level with n = 0, where σ can have only one value −1. The full electron wave function is
presented through the partial solutions of the Dirac equation for the electron in the magnetic field:
ψ(r) =
∑
n,σ
∫
dY dZ
Rn(Z)
Ψnσ(r, Y, Z)bnσ(Y, Z), (2)
where bnσ are coefficients.
The photon state is described by four parameters: the wavenumber k, the two angles θ and ϕ, which define the
direction of the photon momentum, and the polarization state s = 1, 2. The 3-dimensional photon momentum can be
represented as
k = (kx, ky, kz) = k(sin θ cosϕ, sin θ sinϕ, cos θ). (3)
3The corresponding photon 4-momentum is k = {k, k}, k = |k|. Photon polarization is described by the polarization
basis. It consists of two unit vectors, which are orthogonal to the photon momentum k:
e1 = (sinϕ,− cosϕ, 0), e2 = (cos θ cosϕ, cos θ sinϕ,− sin θ). (4)
The 4-vector potential can be defined as:
As(r) = ese
−ik·r, es = {0, es}, s = 1, 2. (5)
We note that the photons are described in the same manner as in the case when the magnetic field is absent. We
assume that the dispersion relation for the photons in magnetized vacuum does not differ from the dispersion relation
in the case when the magnetic field is absent. This approximation constrains the strength of the field and energies of
photons. For estimations one needs to know vacuum dielectric tensor and the inverse permeability tensor for the case
of magnetized vacuum [27, 28]. It is known that the indices of refraction differ from unity by more than 10% only for
the fields with strength b > 300 [29]. This restricts application of the developed formalism to B <∼ 1016 G.
B. Description of the particle ensembles
1. Wave functions
We describe particle ensembles by density matrix using the rules of quantum statistics. Let us define the wave
functions for the case of limited number of particles. These functions will be used for construction of the density
matrix. The wave function for a limited number of particles with defined characteristics of each of them, can be found
from the vacuum wave function by applying the operators of creation and annihilation. Let a¯(s)(k) and a(s)(k) be the
creation and annihilation operators of a photon in the state with polarization s and 3-momentum k. According to
the methods of second quantization [30], these operators satisfy the relation
a(s)(k)a(s′)(k
′)− a(s′)(k′)a(s)(k) = kδ(k− k′)δs
′
s . (6)
Let b†nσ(Y, Z) and bnσ(Y, Z) be creation and annihilation operators of an electron on the Landau level n in polar-
ization state σ with momentum projections Y and Z. These operators satisfy the following relation
bnσ(Y, Z)b
†
n′σ′(Y
′, Z ′) + b†n′σ′(Y
′, Z ′)bnσ(Y, Z) = Rn(Z)δ(Y − Y ′)δ(Z − Z ′)δn′n δσ
′
σ . (7)
The system of N photons with fixed parameters {s1, k1; ...; sN , kN} is described by the wave function
Ψs1...sN (k1, ..., kN ) =
1√
N !
a¯(s1)(k1)...a¯(sN )(kN )Ψ0, (8)
where Ψ0 is the vacuum wave function of the photon gas. Analogously, the system of N electrons with fixed parameters
{n1, σ1, Y1, Z1; ...;nN , σN , YN , ZN} is described by the wave function
Φσ1...σNn1...nN (Y1, Z1, ..., YN , ZN) =
1√
N !
b†n1σ1(Y1, Z1)...b
†
nNσN (YN , ZN)Φ0. (9)
where Φ0 is the vacuum wave function of the electron-positron gas. The wave function for arbitrary state of particles
can be presented as a sum of the wave functions with fixed particle parameters. For example, the state of N photons
is described by the function
ΨN =
∫ N∏
j=1
dkj
kj
cs1...sN (k1, ..., kN )Ψs1...sN (k1, ..., kN ), (10)
where cs1...sN (k1, ..., kN ) are the weight coefficients. The wave function for an arbitrary state of N electrons can be
represented as
ΦN =
∫ N∏
j=1
dYjdZj
Rnj (Zj)
cσ1...σNn1...nN (Y1, Z1, ..., YN , ZN )Φ
σ1...σN
n1...nN (Y1, Z1, ..., YN , ZN). (11)
The wave function for state with N photons and N+ electrons can be written as
ΨN,N+ =
∫ N∏
i=1
dki
ki
N+∏
j=1
dYjdZj
Rnj (Zj)
c
σ1...σN+
n1...nN+ ,s1...sN
(Y1, Z1, ..., YN+ , ZN+ , k1, ..., kN )
× Ψs1...sN (k1, ..., kN )Φ
σ1...σN+
n1...nN+
(Y1, Z1, ..., YN+ , ZN+). (12)
42. Density matrix
The density matrix is defined as an averaged dyad product of the state vector with its conjugate. For the system
consisting of N photons and N+ electrons it can be written in the form
ρN,N+ =
1
N !N+!
∫ N∏
i=1
dki
ki
dk′i
k′i
∫ N+∏
j=1
dYjdZj
Rnj (Zj)
dY ′j dZ
′
j
Rn′
j
(Z ′j)
×
〈
c∗
σ′1...σ
′
N+
n′
1
...n′
N+
,s′
1
...s′
N
(Y ′1 , Z
′
1, ..., Y
′
N+ , Z
′
N+ , k
′
1, ..., k
′
N )c
σ1...σN+
n1...nN+ ,s1...sN
(Y1, Z1, ..., YN+ZN+ , k1, ..., kN )
〉
×Ψs1...sN (k1, ..., kN )Ψs′1...s′N (k
′
1, ..., k
′
N )Φ
σ1...σN+
n1...nN+
(Y1, Z1, ..., YN+ , ZN+)Φ
σ′1...σ
′
N+
n′
1
...n′
N+
(Y ′1 , Z
′
1, ..., Y
′
N+ , Z
′
N+). (13)
The expressions in the triangle brackets are the elements of the density matrix kernel.
3. Algebra of the density matrix kernels
From now on we will operate only with density matrix kernels. All the equations and the final results are written
through these kernels. It is easy to make a transformation from the simplest kernels to the distribution functions or
to the coherency matrix. Let us write the density matrix kernel for the system of N photons and N+ electrons
ρ
s′1...s
′
N ,σ
′
1...σ
′
N+
,n′1...n
′
N+
s1...sN ,σ1...σN+ ,n1...nN+
(
k
′
1...k
′
N
k1...kN
∣∣∣∣∣Y
′
1 ...Y
′
N+
Z ′1...Z
′
N+
Y1...YN+ Z1...ZN+
)
≡
≡
〈
c∗
σ′1...σ
′
N+
n′
1
...n′
N+
,s′
1
...s′
N
(Y ′1 , Z
′
1, ..., Y
′
N+Z
′
N+ , k
′
1, ..., k
′
N )c
σ1...σN+
n1...nN+ ,s1...sN
(Y1, Z1, ..., YN+ZN+ , k1, ..., kN )
〉
. (14)
Further let us write some useful relations for the kernels. For the sake of simplicity we consider only the photon gas.
These relations can be generalized trivially to the case of the electron-photon gas. The kernel for the system of N
photons can be written through the density matrix:
ρ
s′1...s
′
N
s1...sN
(
k
′
1...k
′
N
k1...kN
)
= N ! Ψs1...sN (k1, ..., kN )ρNΨs′1...s′N (k
′
1, ..., k
′
N ). (15)
Hereinafter we call it the N -particle kernel. It is normalized to unity:
∫ N∏
i=1
dki
ki
ρs1...sNs1...sN
(
k1...kN
k1...kN
)
= Sp(ρ) = 1. (16)
For any m ≤ N the m-particle kernel can be calculated as
ρ
s′1...s
′
m
s1...sm
(
k
′
1...k
′
m
k1...km
)
=
1
(N −m)!
∫ N∏
i=m+1
dki
ki
ρ
s′1...s
′
m,sm+1...sN
s1...sm,sm+1...sN
(
k
′
1...k
′
mkm+1...kN
k1...kmkm+1...kN
)
. (17)
The 1-particle kernel can be expressed through the N -particle kernel as
ρs
′
s
(
k
′
k
)
=
1
(N − 1)!
∫ N∏
i=2
dki
ki
ρs
′
s
s2...sN
s2...sN
(
k
′
k2...kN
k k2...kN
)
. (18)
It is normalized to the total number of the particles:∫
d3k
k
ρss
(
k
k
)
= N. (19)
The diagonal elements of 1-particle kernel compose the coherency matrix in the case of photon gas.
54. Transformation from the simplest kernel to the distribution functions
The transformation from 1-particle density matrix to the distribution function in the case of electrons in the case
of field-free space can be made using the Wigner function. The Wigner function is defined as
ρ(p, r) =
∫
dv exp (ip · v) ρs (r+ v/2, r− v/2) , (20)
where ρs (r+ v/2, r− v/2) is a 1-particle density matrix in the coordinate representation. The momentum and
coordinate representations are connected through the Fourier transforms:
ρs(r, r
′) =
1
(2π)6
∫
dp dp′√
p0 p′0
exp (−i(p · r− p ′ · r ′)) ρ
(
p′
p
)
. (21)
Then one can rewrite the Wigner function using the density matrix in the momentum representation:
ρ(p, r) =
1
(2π)6
∫
dp1dp
′
1√
p01p′01
exp (−i(p1 − p1′) · r) δ
(
p− p1 + p1
′
2
)
ρ
(
p1
′
p1
)
. (22)
The inverse transformation from the Wigner function to the density matrix in momentum representation reads
ρ
(
p1
′
p1
)
=
√
p01p′01
(2π)3
∫
dp dr exp (i(p1 − p1′) · r) δ
(
p− p1 + p1
′
2
)
ρ(p, r). (23)
The time scale of the electron-photon interaction is much smaller than the time scale of noticeable changes of the
distribution functions. Therefore, in the last equation one can assume that the Wigner function does not depend on
the space variables. In this case, the integration could be made easily and we can write
ρ
(
p1
′
p1
)
= p01δ(p1
′ − p1)ρ(p1). (24)
Then one can convert the 1-particle density matrix kernel to the distribution function in the case of spinless particles
or to the coherency matrices in the case of particles with non-zero spin. In the last case a trivial generalization is
used:
ρ
τ ′1
τ1
(
p1
′
p1
)
= p01δ(p1
′ − p1)ρτ
′
1
τ1(p1). (25)
Equations (24) and (25) can be written immediately from the physical meaning of the density matrix and the assump-
tion that the time scale of the interaction and the time between interactions are mush smaller than the time scale of
noticeable changes of the distribution function.
One can also write similar relation for the case of electrons in the external magnetic field. If we consider a non-
interacting electron in the B-field not accounting for cyclotron radiation (which should be described by another kinetic
equation), then the electron should conserve its z-momentum and the Landau level. This means that the kernel should
be diagonal over both Z and n, because it is not possible to have mixed states corresponding to different values of the
z-projection of momentum or the Landau level. Non-diagonal elements in the kernel can appear only if one accounts
for interactions between particles, but because of the smallness of the interaction time scale the kernel should be
diagonal over z-projection of momentum and the Landau levels. In this case the relation will have the following form
(a detailed derivation is given in Appendix A):
ρσ
′n′
σn
(
Y ′Z ′
Y Z
)
= Rn(Z)δ
n′
n δ(Y
′ − Y )δ(Z ′ − Z)ρσ′σn(Y, Z), (26)
where σ and σ′ describe the electron spin-states, n and n′ are the Landau levels, Z and Z ′ are the momentum
projections and Rn(Z) is the electron energy given by equation (1).
A transformation from the 1-particle density matrix to the distribution function in momentum space is trivial, but
one must again assume that the typical time scale of changes of the distribution function is much larger than the
typical time scales of interaction between the particles.
6C. Description of the interaction
1. Description of the single interaction
Let us mark parameters of the particles before the interaction with the subscript ”i” and particles after interaction
with the subscript ”f”. There are three conservation laws for Compton scattering in the magnetic field. They are
the energy conservation, the conservation of the momentum along the magnetic field and the conservation of the
transversal momentum:
Ri + ki = Rf + kf , Zi + ki cos θi = Zf + kf cos θf , Yi + ki sin θi sinϕi = Yf + kf sin θf sinϕf . (27)
Let us use special designation for product of δ-functions which are describing these conservation laws:
δ
(
n, Y, Z, k | n′, Y ′, Z ′, k′) ≡
≡ δ(Rn(Z) + k −Rn′(Z ′)− k′)δ(Z + k cos θ − Z ′ − k′ cos θ′)δ(Y + k sin θ sinϕ− Y ′ − k′ sin θ′ sinϕ′) . (28)
A single interaction can be described by the S-matrix. The elements of the S-matrix can be calculated using methods
of quantum electrodynamics. In the simplest case the elements of the S-matrix can be obtained using second-order
perturbation theory. In this case Compton scattering can be represented by two Feynman diagrams with two vertices
in both of them and one can write an expression for the S-matrix elements:
Sf i = −4πiα
∫
d4r1d
4r2Ψf(r2)
{[
γA†f (r2)
]
G(r2, r1)
[
γAi(r1)
]
+
[
γAi(r2)
]
G(r2, r1)
[
γA†f (r1)
]}
Ψi(r1), (29)
where γA is the Dirac inner product of a 4-vector and γ-matrix, and G(r2, r1) is a relativistic electronic propagator in
the presence of a constant magnetic field, Ψi(r) and Ψf(r) are the electron wave-functions in coordinate representation,
and α = e2 is the fine-structure constant. The S-matrix elements and the cross-sections for Compton scattering in
magnetic field contain resonances which have to be regularized [31]. The calculations are not trivial and have been
performed only in special cases [6–8, 15].
2. Evolution of the density matrix
The evolution of the density matrix can be described by equation:
i
∂ρ(t)
∂t
= H(t)ρ(t)− ρ(t)H(t), (30)
where the Hamiltonian is
H(t) = −e
∫
dr ψ(r)γA(r)ψ(r). (31)
Equation (30) is written here in non-covariant form, but it can be transformed to the explicitly covariant form using
the Tomonaga-Schwinger equation [30]. It means that the form of the equation is covariant for the longitudinal
Lorentz transformations (along the magnetic field direction). The solution of equation (30) can be presented by the
operator of evolution U(x, y):
t∫
t0
∂ρ(t′)
∂t′
dt′ = ρ(t)− ρ(t0) = U(t, t0)ρ(t0)− ρ(t0)U(t, t0). (32)
On the other hand the operator U(t, t0) can be represented in the following form:
U(t, t0) =
t∫
t0
dt′
t∫
t0
dt′′
∫
V
dr′
∫
V
dr′′S(r′, r′′) =
∫
V
d4r′
∫
V
d4r′′S(r′, r′′), (33)
where V = [t0, t]× V is the volume in Minkowski space and
S(r′, r′′) = i e
2
(2π)9
∫
dY dZ
R
dY ′dZ ′
R′
dk
k
dk′
k′
b†n′σ′(Z
′)bnσ(Z)a¯(s′)(k
′)a(s)(k)Nn
′
n
σ′
σ
s′
s
(
k
′
k
Y ′
Y
Z ′
Z
∣∣∣∣ r′r′′
)
. (34)
7The space integral of N can be represented through the elements of the scattering M -matrix:∫
V
d4r′
∫
V
d4r′′Nn′n σ
′
σ
s′
s
(
k
′
k
Y ′
Y
Z ′
Z
∣∣∣∣ r′r′′
)
= (2π)8δ
(
n, Y, Z, k | n′, Y ′, Z ′, k′)Mσ′s′σs
(
n′Y ′Z ′
nY Z
∣∣∣∣ k′k
)
, (35)
then U(t, t0) can be rewritten in the following form
U(t, t0) =
i
2π
α
∫
dY dZ
R
dY ′dZ ′
R′
dk
k
dk′
k′
b†n′σ′(Z
′)bnσ(Z)a¯(s′)(k
′)a(s)(k)M
σ′s′
σs
(
n′Y ′Z ′
nY Z
∣∣∣∣ k′k
)
. (36)
Let us assume that the typical time scale of the density matrix changes is much larger than the typical time scales of
a single interaction. In that case changes in the distribution on a macroscopically small times scale can be represented
througth the S-matrix because M -matrix can be considered as the scattering S-matrix divided by the fine-structure
constant:
Mσfsfσisi
(
nfYfZf
niYiZi
∣∣∣∣ kfki
)
≡Mfi = Sfi
α
, (37)
and the time interval [t0, t0+ t] is considered as a macroscopically small time. Equations (32) and (36) determine the
solution formulated through the elements of the scattering matrix. We reformulate these equations below in terms of
the kernels of the density matrix.
III. DERIVATION OF THE KINETIC EQUATION FOR THE PHOTON GAS
A. Methodology of the kinetic equation derivation
1. Summary of our assumptions and the Bogolyubov method
We derive kinetic equation using a generalization of the Bogolyubov method (for the case of quantum statistics). At
the first step we formulate Liouville’s theorem in terms of the kernels of density matrix. One can derive the equations
for kernels of different orders (1-particle, 2-particle and other) by integrating over the parameters of different numbers
of particles. We use this method to obtain the system of kinetic equations. If the full ensemble contains N particles,
the system of equations contains N equations. In the case of the rarefied gas one can use only a few first equations
from the Bogolyubov hierarchy. The criterion of rarefaction can be formulated through the “gaseous parameter”,
which depends on the concentration of the particles and the cross sections of their interaction:
αgas ≡ √σT(nenph)1/6 ≪ 1, (38)
where σT is the Thomson cross section, ne and nph are the electron and the photon concentrations, correspondingly.
According to the principle of weakening of correlations, which is satisfied for sufficiently rarefied gases, the correlations
are accounted for only in the equation for the 1-particle matrix via kernel by entering the right-hand side (rhs) of the
aforementioned equation. This kernel is assumed to characterize the electron and photon states after the interaction.
It can be represented via the same kernel before the interaction and the correlation function. To derive the kinetic
equation for the typical conditions in the neutron star atmospheres, it is enough to use only the first and the second
equation from the Bogolyubov hierarchy.
2. Formulation of Liouville’s theorem and the equations of Bogolyubov hierarchy
We use the following notations: R ≡ Rn(Z), R′ ≡ Rn′(Z ′), etc. There are N photons and N+ electrons in the
system. The equation, describing the change of (N + N+)-particle kernel during macroscopically small time T0 is
written as
ρ
s′1..s
′
Nσ
′
1...σ
′
N+
n′1...n
′
N+
s1...sNσ1...σN+n1...nN+
(
k
′
1...k
′
N
k1...kN
∣∣∣∣Y ′1 ...Y ′N+Z ′1...Z ′N+Y1...YN+Z1...ZN+
∣∣∣∣ T02
)
= ρ
s′1...s
′
Nσ
′
1...σ
′
N+
n′1...n
′
N+
s1..sNσ1...σN+n1...nN+
(
k
′
1...k
′
N
k1...kN
∣∣∣∣Y ′1 ...Y ′N+Z ′1...Z ′N+Y1...YN+Z1...ZN+
∣∣∣∣− T02
)
+ i
α
2π
∫
dY dZ
R
dY ′dZ ′
R′
dk
k
dk′
k′
8× δ (n, Y, Z, k | n′, Y ′, Z ′, k′) b†n′σ′(Y ′, Z ′)bnσ(Y, Z)a¯s′(k′)as(k)Mσ′s′σs
(
n′
n
Y ′
Y
Z ′
Z
∣∣∣∣k′k
)
×
N∑
i=1
N+∑
i+=1
[
δs
′
s′
i
δ(k′ − k′i)δn
′
n′
i+
δσ
′
σ′
i+
δ(Y ′ − Y ′i+)δ(Z ′ − Z ′i+)
× ρs
′
1...s...s
′
Nσ
′
1...σ...σ
′
N+
n′1...n...n
′
N+
s1...si...sNσ1...σi+ ...σN+n1...ni+ ...nN+
(
k
′
1...k...k
′
N
k1...ki...kN
∣∣∣∣ Y ′1 ...Y...Y ′N+Z ′1...Z...Z ′N+Y1...Yi+ ...YN+Z1...Zi+ ...ZN+
∣∣∣∣−T02
)
− δssiδ(k− ki)δnni+ δ
σ
σi+
δ(Y − Yi+)δ(Z − Zi+)
× ρs
′
1...s
′
i...s
′
Nσ
′
1...σ
′
i+
...σ′N+
n′1...n
′
i+
...n′N+
s1...s′...sNσ1...σ′...σN+n1...n
′...nN+
(
k
′
1...k
′
i...k
′
N
k1...k
′...kN
∣∣∣∣ Y ′1 ...Y ′i+ ...Y ′N+Z ′1...Z ′i+ ...Z ′N+Y1...Y ′...YN+Z1...Z ′...ZN+
∣∣∣∣−T02
)]
. (39)
This equation is a formulation of Liouville’s theorem in terms of the density matrix kernels. It can be used to find
the equation describing the evolution of 1-particle photon kernels on the time interval [−T0/2, T0/2], which is the first
equation of the Bogolyubov hierarchy.
We integrate equation (39) over the parameters of (N − 1) photons and N+ electrons:
ρ
s′1
s1
(
k
′
1
k1
∣∣∣∣T02
)
− ρs′1s1
(
k
′
1
k1
∣∣∣∣− T02
)
=
1
(N − 1)!N+! i
α
2π
∫
dY dZ
R
dY ′dZ ′
R′
dk
k
dk′
k′
δ
(
n, Y, Z, k | n′, Y ′, Z ′, k′) (40)
× b†n′σ′(Y ′, Z ′)bnσ(Y, Z)a¯s′(k′)as(k)Mσ
′s′
σs
(
n′
n
Y ′
Y
Z ′
Z
∣∣∣∣k′k
) N+∑
i+=1
∫ N∏
i=2
(
dki
ki
dk′i
k′i
) N+∏
i+=1
(
dYi+dZi+
Ri+
dY ′i+dZ
′
i+
R′i+
)
×
{
δn
′
n′
i+
δσ
′
σ′
i+
δ(Y ′ − Y ′i+)δ(Z ′ − Z ′i+)
[
δs
′
s′
1
δ(k′ − k′1)P ss1
(
k
k1
∣∣∣∣ 1, 1, J,G
)
+
N∑
i=2
δs
′
siδ(k
′ − ki)P s
′
1
s1
(
k
′
1
k1
∣∣∣∣ i, i+, J,G
)]
− δnni+ δ
σ
σi+
δ(Y − Yi+)δ(Z − Zi+)
[
δss1δ(k− k1)R
s′1
s′
(
k
′
1
k
′
∣∣∣∣ 1, 1, J’,G’
)
+
N∑
i=2
δssiδ(k− ki)R
s′1
s1
(
k
′
1
k1
∣∣∣∣ i, i+, J’,G’
)]}
,
where the kernels under the integral in the rhs of the equation correspond to time t = −T0/2 and where we used
special designations for kernels describing the system of N photons and N+ electrons:
P sasb
(
kc
kd
∣∣∣∣ i, j, J,G
)
≡ ρsas2...sbs2... s...si...sNsN
σ1σ2...σ...σN+
σ1σ2...σj...σN+
n1n2...n...nN+
n1n2...nj...nN+
(
kck2...
kdk2...
k...
ki...
kN
kN
∣∣∣∣ Y1Y2...Y...YN+Y1Y2...Yj ...YN+
Z1Z2...Z...ZN+
Z1Z2...Zj ...ZN+
)
,
Rsasb
(
kc
kd
∣∣∣∣ i, j, J,G
)
≡ ρsas2...sbs2... si...s... sNsN σ1σ2...σj ...σN+σ1σ2...σ...σN+ n1n2...nj ...nN+n1n2...n...nN+
(
kck2...
kdk2...
ki...
k...
kN
kN
∣∣∣∣Y1Y2...Yj ...YN+Y1Y2...Y...YN+
Z1Z2...Zj ...ZN+
Z1Z2...Z...ZN+
)
,
where J = (s, k) and G = (σ, n, Y, Z) are parameters of photons and electrons respectively. Let us denote the terms
under the sum
N∑
i=2
by Ξ. One can transform it:
Ξ =
1
(N − 1)!N+! i
α
2π
∫
dY dZ
R
dY ′dZ ′
R′
dk
k
dk′
k′
δ
(
n, Y, Z, k | n′, Y ′, Z ′, k′)
× b†n′σ′(Y ′, Z ′)bnσ(Y, Z)a¯s′(k′)as(k)Mσ
′s′
σs
(
n′
n
Y ′
Y
Z ′
Z
∣∣∣∣k′k
) N+∑
i+=1
∫ N∏
i=2
(
dki
ki
dk′i
k′i
) N+∏
i+=1
(
dYi+dZi+
Ri+
dY ′i+dZ
′
i+
R′i+
)
×
{
δn
′
n′
i+
δσ
′
σ′
i+
δ(Y ′ − Y ′i+)δ(Z ′ − Z ′i+)
N∑
i=2
δs
′
siδ(k
′ − ki)P s
′
1
s1
(
k
′
1
k1
∣∣∣∣ i, i+, J,G
)
− δnni+ δ
σ
σi+
δ(Y − Yi+)δ(Z − Zi+)
N∑
i=2
δssiδ(k− ki)R
s′1
s1
(
k
′
1
k1
∣∣∣∣ i, i+, J’,G’
)}
=
1
(N − 1)!N+! i
α
2π
∫
dY dZdY ′dZ ′
dk
k
dk′
k′
δ
(
n, Y, Z, k | n′, Y ′, Z ′, k′)
×
N+∑
i+=1
∫ N∏
i=2
(
dki
ki
dk′i
k′i
) N+∏
i+=1
(
dYi+dZi+
Ri+
dY ′i+dZ
′
i+
R′i+
){
N∑
i=2
P
s′1
s1
(
k
′
1
k1
∣∣∣∣ i, i+, J’,G’
)
−
N∑
i=2
P
s′1
s1
(
k
′
1
k1
∣∣∣∣ i, i+, J’,G’
)}
.
9Creation and annihilation operators with the elements of scattering matrix were placed under the integral in the last
transformation. Indices in the round brackets indicate the positions of pairs of parameters (s–s′), (n–n′), (Y –Y ′),
(Z–Z ′), (σ–σ′) and (k–k’). One notices that all the terms in the sum Ξ cancel out, giving Ξ = 0. The remaining part
of the equation can be rewritten as
ρ
s′1
s1
(
k
′
1
k1
∣∣∣∣T02
)
− ρs′1s1
(
k
′
1
k1
∣∣∣∣−T02
)
= i
α
2π
∫
dY dZ
R
dY ′dZ ′
R′
dk
k
dk′
k′
δ
(
n, Y, Z, k | n′, Y ′, Z ′, k′)
×Mσ′s′σs
(
n′
n
Y ′
Y
Z ′
Z
∣∣∣∣k′k
)[
δs
′
s′
1
δ(k′ − k′1)ρsσns1σ′n′
(
k
k1
∣∣∣∣ Y ZY ′Z ′
)
− δss1δ(k− k1)ρ
s′1σn
s′σ′n′
(
k
′
1
k
′
∣∣∣∣ Y ZY ′Z ′
)]
. (41)
Thus, we have obtained the first equation of the Bogolyubov hierarchy describing the evolution of 1-particle density
matrix kernel through the 2-particle density matrix kernel.
Let us now obtain the second equation of the Bogolyubov hierarchy for the 2-particle kernels. We proceed with the
integration and the summation over the parameters of (N − 1) photons and (N+ − 1) electrons in equation (39):
ρ
s′1σ
′
1n
′
1
s1σ1n1
(
k
′
1Y
′
1Z
′
1
k1Y1Z1
∣∣∣∣T02
)
− ρs′1σ′1n′1s1σ1n1
(
k
′
1Y
′
1Z
′
1
k1Y1Z1
∣∣∣∣− T02
)
=
1
(N − 1)!(N+ − 1)! i
α
2π
×
∫
dY dZ
R
dY ′dZ ′
R′
dk
k
dk′
k′
δ
(
n, Y, Z, k | n′, Y ′, Z ′, k′) b†n′σ′(Y ′, Z ′)bnσ(Y, Z)a¯s′(k′)as(k)Mσ′s′σs
(
n′
n
Y ′
Y
Z ′
Z
∣∣∣∣k′k
)
×
∫ N∏
i=2
(
dki
ki
dk′i
k′i
) N+∏
i+=2
(
dYi+dZi+
Ri+
dY ′i+dZ
′
i+
R′i+
)
×
{[
δn
′
n′
1
δσ
′
σ′
1
δs
′
s′
1
δ(Y ′−Y ′1)δ(Z ′−Z ′1)δ(k′−k′1) P ss1
(
k
k1
∣∣∣∣ 1, 1, J,G
)
+ δs
′
s′
1
δ(k′ − k′1)
N+∑
i+=2
δσ
′
σi+
δn
′
ni+
δ(Yi+ − Y ′)δ(Zi+ − Z ′) P ss1
(
k
k1
∣∣∣∣ 1, i+, J,G
)
+ δn
′
n′
1
δσ
′
σ′
1
δ(Y ′ − Y ′1)δ(Z ′ − Z ′1)
N∑
i=2
δs
′
siδ(k− ki) P s1s1
(
k1
k1
∣∣∣∣ i, 1, J,G
)
+
N∑
i=2
N+∑
i+=2
δσ
′
σi+
δn
′
ni+
δ(Yi+ − Y ′)δ(Zi+ − Z ′)δs
′
siδ(k− ki) P s1s1
(
k1
k1
∣∣∣∣ i, i+, J,G
)]
−
[
δs1s δ
n1
n δ
σ1
σ δ(k−k1)δ(Y −Y1)δ(Z−Z1) Rs1s′
(
k1
k
′
∣∣∣∣ 1, 1, J’,G’
)
+ δs1s δ(k− k1)
N+∑
i+=2
δnni+
δσσi+
δ(Y − Yi+)δ(Z − Zi+) Rs1s′
(
k1
k
′
∣∣∣∣ 1, i+, J’,G’
)
+ δn1n δ
σ1
σ δ(Y − Y1)δ(Z − Z1)
N∑
i=2
δssiδ(k− ki) Rs1s1
(
k1
k1
∣∣∣∣ i, 1, J’,G’
)
+
N∑
i=2
N+∑
i+=2
δssiδ
n
ni+
δσσi+
δ(Y − Yi+)δ(Z − Zi+)δ(k− ki) Rs1s1
(
k1
k1
∣∣∣∣ i, i+, J’,G’
)]}
. (42)
The terms with a double sum
N∑
i=2
N+∑
i+=2
cancel each other. Other terms are transformed into the form containing 2-
and 3-particle kernels. As a result, we obtain the equation for the 2-particle density matrix kernel:
ρ
s′1σ
′
1n
′
1
s1σ1n1
(
k
′
1
k1
∣∣∣∣ Y ′1Z ′1Y1Z1
∣∣∣∣T02
)
− ρs′1σ′1n′1s1σ1n1
(
k
′
1
k1
∣∣∣∣ Y ′1Z ′1Y1Z1
∣∣∣∣− T02
)
= i
α
2π
∫
dY dZ
R
dY ′dZ ′
R′
dk
k
dk′
k′
δ
(
n, Y, Z, k | n′, Y ′, Z ′, k′)Mσ′s′σs
(
n′
n
Y ′
Y
Z ′
Z
∣∣∣∣k′k
)
×
[
δs
′
s′
1
δn
′
n′
1
δσ
′
σ′
1
δ(Y ′ − Y ′1)δ(Z ′ − Z ′1)δ(k′ − k′1) ρsσns1σ1n1
(
k
k1
∣∣∣∣ Y ZY1Z1
)
− δss1δnn1δσσ1δ(Y − Y1)δ(Z − Z1)δ(k− k1) ρ
s′1σ
′
1n
′
1
s′σ′n′
(
k
′
1
k
′
∣∣∣∣ Y ′1Z ′1Y ′Z ′
)
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+ δn
′
n′
1
δσ
′
σ′
1
δ(Y ′−Y ′1)δ(Z ′−Z ′1) ρs
′
1sσn
s1s′σ1n1
(
k
′
1k
k1k
′
∣∣∣∣ Y ZY1Z1
)
−δnn1δσσ1δ(Y −Y1)δ(Z−Z1) ρ
s′1sσ
′n′
s1s′σ′1n
′
1
(
k
′
1k
k1k
′
∣∣∣∣ Y ′Z ′Y ′1Z ′1
)
+δs
′
s′
1
δ(k′ − k′1) ρsσ
′
1n
′
1σn
s1σ1n1σ′n′
(
k
k1
∣∣∣∣ Y ′1Z ′1Y ZY1Z1Y ′Z ′
)
− δss1δ(k− k1) ρ
s′1σ
′
1n
′
1σn
s′σ1n1σ′n′
(
k
′
1
k
′
∣∣∣∣ Y ′1Z ′1Y ZY1Z1Y ′Z ′
)]
. (43)
Thus, we have derived the equations for kernels of 1-particle density matrix of photons (41) and for the 2-particle
density matrix (43), which includes both the photon and the electron parameters.
B. Completion of the derivation
1. Expression for the 2-particle kernels through the 1-particle kernels
Equations (41) and (43) are the first two equations of the Bogolyubov hierarchy. The hierarchy can be continued, but
using the principle of weakening of correlations, we have stopped at the first two equations. To obtain an equation
describing the evolution of the 1-particle kernel through the 1-particle kernels, one must use these two equations.
We use the “molecular chaos” approximation, according to which there is no correlation between the distribution
functions of photons and electrons before interaction. This approximation works better in the case, when the typical
time between the interactions is much larger than the typical time of an interaction. The independence of the photons
and electrons distributions can be expressed through the following equation:
ρσ
′n′s′
σns
(
k
′
k
∣∣∣∣Y ′Z ′Y Z
)
= ρσ
′n′
σn
(
Y ′Z ′
Y Z
)
ρs
′
s
(
k
′
k
)
. (44)
The 2-particle kernels of the photon gas and the 2-particle kernels of the electron gas are presented through 1-particle
kernels according to the properties of symmetry and anti-symmetry of bosonic and fermionic wave functions:
ρ
s′1s
′
2
s1s2
(
k
′
1k
′
2
k1k2
)
= ρ
s′1
s1
(
k
′
1
k1
)
ρ
s′2
s2
(
k
′
2
k2
)
+ ρ
s′2
s1
(
k
′
2
k1
)
ρ
s′1
s2
(
k
′
1
k2
)
, (45)
ρ
σ′1n
′
1σ
′
2n
′
2
σ1n1σ2n2
(
Y ′1Z
′
1Y
′
2Z
′
2
Y1Z1Y2Z2
)
= ρ
σ′1n
′
1
σ1n1
(
Y ′1Z
′
1
Y1Z1
)
ρ
σ′2n
′
2
σ2n2
(
Y ′2Z
′
2
Y2Z2
)
− ρσ′2n′2σ1n1
(
Y ′2Z
′
2
Y1Z1
)
ρ
σ′1n
′
1
σ2n2
(
Y ′1Z
′
1
Y2Z2
)
. (46)
These equations become more accurate, when photons and electrons gases are sufficiently rarefied. Transformations of
the 3-particle kernels in equations (41) and (43) are simple because there are no pure photon or pure electron kernels
among them and one can rewrite them easily through the 1- and 2-particle kernels. Then we use equations (44) and
(45) to complete the transformation.
2. Closure of the Bogolyubov hierarchy
Substituting equation (43) to equation (41), we get:
ρ
s′1
s1
(
k
′
1
k1
∣∣∣∣T02
)
− ρs′1s1
(
k
′
1
k1
∣∣∣∣− T02
)
= i
α
2π
∑
n,n′
∫
dY dZ
R
dY ′dZ ′
R′
dk
k
dk′
k′
× δ (n, Y, Z, k | n′, Y ′, Z ′, k′)Mσ′s′σs
(
n′Y ′Z ′
nY Z
∣∣∣∣k′k
)
×
[
k′δs
′
s′
1
(k′ − k′1)ρsσns1σ′n′
(
k
k1
∣∣∣∣ Y ZY ′Z ′
)
− kδss1(k− k1)ρ
s′1σn
s′σ′n′
(
k
′
1
k
′
∣∣∣∣ Y ZY ′Z ′
)]
− α
2
(2π)2
∑
n,n′,n′′,n′′′
∫
dY dZ
R
dY ′dZ ′
R′
dY ′′dZ ′′
R′′
dY ′′′dZ ′′′
R′′′
dk
k
dk′
k′
dk′′
k′′
dk′′′
k′′′
× δ (n, Y, Z, k | n′, Y ′, Z ′, k′) δ (n′′, Y ′′, Z ′′, k′′ | n′′′, Y ′′′, Z ′′′, k′′′)
×Mσ′s′σs
(
n′Y ′Z ′
nY Z
∣∣∣∣k′k
)
Mσ
′′′s′′′
σ′′s′′
(
n′′′Y ′′′Z ′′′
n′′Y ′′Z ′′
∣∣∣∣ k′′′k′′
)
×
{
δs
′
s′
1
(k′ − k′1)
[
k′k′′′R′′′δs
′′′n′′′σ′′′
snσ (k− k′′′)δ(pY Z − p′′′Y Z)ρs
′′σ′′n′′
s1σ′n′
(
k
′′
k1
∣∣∣∣Y ′′Z ′′Y ′Z ′
)
11
− k′k′′R′′δs′′n′′σ′′s1n′σ′ (k1 − k′′)δ(p′Y Z − p′′Y Z)ρsσns′′′σ′′′n′′′
(
k
k
′′′
∣∣∣∣ Y ZY ′′′Z ′′′
)
+ k′R′′′δn
′′′σ′′′
nσ (p
′′′
Y Z − pY Z)ρss
′′σ′′n′′
s1s′′′σ′n′
(
kk
′′
k1k
′′′
∣∣∣∣Y ′′Z ′′Y ′Z ′
)
+ k′k′′′δs
′′′
s (k− k′′′)ρs
′′σnσ′′n′′
s1σ′n′σ′′′n′′′
(
k
′′
k1
∣∣∣∣ Y ZY ′′Z ′′Y ′Z ′Y ′′′Z ′′′
)
−k′k′′δs′′s1 (k1 − k′′)ρsσnσ
′′n′′
s′′′σ′n′σ′′′n′′′
(
k
k
′′′
∣∣∣∣ Y ZY ′′Z ′′Y ′Z ′Y ′′′Z ′′′
)
− k′R′′δn′′σ′′n′σ′ (p′Y Z − p′′Y Z)ρss
′′σ′′′n′′′
s1s′′′σn
(
kk
′′
k1k
′′′
∣∣∣∣ Y ′′′Z ′′′Y Z
)]
+ δss1(k− k1)
[
−kk′′′R′′′δs′′′n′′′σ′′′s′
1
nσ (k
′′′ − k′1)δ(pY Z − p′′′Y Z)ρs
′′σ′′n′′
s′σ′n′
(
k
′′
k
′
∣∣∣∣Y ′′Z ′′Y ′Z ′
)
+ kk′′R′′δs
′′
s′ (k
′ − k′′)δ(n′σ′)n
′′σ′′ (p′Y Z − p′′Y Z)ρs
′
1σn
s′′′σ′′′n′′′
(
k
′
1
k
′′′
∣∣∣∣ Y ZY ′′′Z ′′′
)
− kR′′′δn′′′σ′′′nσ (pY Z − p′′′Y Z)ρs
′
1s
′′σ′′n′′
s′s′′′σ′n′
(
k
′
1k
′′
k
′
k
′′′
∣∣∣∣Y ′′Z ′′Y ′Z ′
)
+ kR′′δn
′′σ′′
n′σ′ (p
′
Y Z − p′′Y Z)ρs
′
1s
′′σ′′′n′′′
s′s′′′σn
(
k
′
1k
′′
k
′
k
′′′
∣∣∣∣ Y ′′′Z ′′′Y Z
)
−kk′′′δs′′′s′
1
(k′1 − k′′′)ρs
′σ′n′
sσn
(
k
′′
k
′
∣∣∣∣ Y ZY ′′Z ′′Y ′Z ′Y ′′′Z ′′′
)
+ kk′′δs
′′
s′ (k
′ − k′′)ρs′1σnσ′′n′′s′′′σ′n′σ′′′n′′′
(
k
′
1
k
′′′
∣∣∣∣ Y ZY ′′Z ′′Y ′Z ′Y ′′′Z ′′′
)]}
, (47)
where we introduced a symbol for the product of several Kronecker’s deltas: δβ1...βNα1...αN ≡
∏N
i=1 δ
βi
αi , a symbol for
the product of Kronecker’s deltas and a δ-function: δβ1...βNα1...αN (a) ≡ δβ1...βNα1...αN δ(a), and pY Z ≡ (0, Y, Z) is the electron
momentum.
Using equations (44), (45) and (46), one can transform 2- and 3-particle kernels in the rhs of the equation to the
1-particle kernels. Then using equation (25), the equation can be represented in terms of the coherency matrix. After
some algebra we get:
ρ
s′1
s1
(
k
′
1
k1
∣∣∣∣T02
)
− ρs′1s1
(
k
′
1
k1
∣∣∣∣− T02
)
= i
α
2π
∑
n,n′
∫
dY dZ
R
dY ′dZ ′
R′
dk
k
dk′
k′
δ
(
n, Y, Z, k | n′, Y ′, Z ′, k′)A1
+
α2
4π2
∑
n,n′,n′′,n′′′
∫
dY dZ
R
dY ′dZ ′
R′
dY ′′dZ ′′
R′′
dY ′′′dZ ′′′
R′′′
dk
k
dk′
k′
dk′′
k′′
dk′′′
k′′′
× δ (n, Y, Z, k | n′, Y ′, Z ′, k′)Mσ′s′σs
(
n′Y ′Z ′
nY Z
∣∣∣∣k′k
)
× δ (n′′, Y ′′, Z ′′, k′′ | n′′′, Y ′′′, Z ′′′, k′′′)Mσ′′′s′′′σ′′s′′
(
n′′′Y ′′′Z ′′′
n′′Y ′′Z ′′
∣∣∣∣k′′′k′′
)
× {B1 + B2 + B3 + B4 + B5 + B6} , (48)
where
A1 =Mσ′s′σs
(
n′Y ′Z ′
nY Z
∣∣∣∣k′k
)
R′δn
′
n (pY Z − p′Y Z)ρσσ′n′(pY Z)
[
k′δ(k′ − k′1)δ(k − k1)
(
k1δ
s1
s′
1
ρss1(k1)− kδss1ρ
s′1
s′ (k
′)
)]
,(49)
B1 = k′k′′′δ(k′′ − k′′′)δn′′′n (pY Z − p′′′Y Z)δn
′′
n′ (p
′
Y Z − p′′Y Z)ρs
′′
s′′′ (k
′′′)
(
R′R′′′δσ
′′′
σ ρ
σ′′
σ′n′(p
′
Y Z)−RR′′δσ
′′
σ′ ρ
σ′′′
σn (pY Z)
)
×
(
kδ(k′1 − k′)δss1(k− k1)ρ
s′1
s′ (k
′)− k1δ(k1 − k)δs′s′
1
(k′ − k′1)ρss1 (k1)
)
, (50)
B2 = R′δn′n (pY Z − p′Y Z)ρσσ′n′(p′Y Z)R′′′δn
′′
n′′′(p
′′′
Y Z − p′′Y Z)ρσ
′′
σ′′′n′′′(p
′′′
Y Z)
×
[
δs
′
s′
1
(k′ − k′1)
(
k′k′′k′′′δs
′′
s1 (k1 − k′′)δ(k − k′′′)ρss′′′ (k′′′)− k1k′k′′′δs
′′′
s (k− k′′′)δ(k′′ − k1)ρs
′′
s1 (k1)
)
+δss1(k− k1)
(
kk′k′′δs
′′′
s′
1
(k′1 − k′′′)δ(k′ − k′′)ρs
′′
s′ (k
′)− kk′′k′′′δs′′s′ (k′ − k′′)δ(k′1 − k′′′)ρs
′
1
s′′′(k
′′′)
)]
, (51)
B3 = δss1(k− k1)kk′R′R′′′δ(k′ − k′′)δ(k′1 − k′′′)δn
′′
n′ (p
′
Y Z − p′′Y Z)δn
′′′
n (pY Z − p′′′Y Z)ρs
′′
s′ (k
′)ρσ
′′
σ′n′(p
′
Y Z)
×
[
k′′′δσ
′′′
σ ρ
s′1
s′′′(k
′′′) + k′′′δs
′′′
s′
1
(
δσ
′′′
σ − ρσσ′′′n′′′(p′′′Y Z)
)]
, (52)
B4 = −k1k′k′′′R′R′′′δs′s′
1
(k′ − k′1)δ(k− k′′′)δ(k1 − k′′)δn
′′′
n (pY Z − p′′′Y Z)δn
′′
n′ (p
′
Y Z − p′′Y Z)ρs
′′
s1 (k1)ρ
σ′′
σ′n′(p
′
Y Z)
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×
[
δσ
′′′
σ ρ
s
s′′′(k
′′′) + δs
′′′
s
(
δσ
′′′
σ − ρσσ′′′n′′′(p′′′Y Z)
)]
, (53)
B5 = k′k′′′δ(k− k′′′)δ(k1 − k′′)δs′s′
1
(k′ − k′1)δn
′′′
n (pY Z − p′′′Y Z)δn
′′
n′ (p
′
Y Z − p′′Y Z)ρss′′′ (k′′′)
×
[
RR′′k1δ
σ′′
σ′ ρ
s′′
s1 (k1)ρ
σ′′′
σn (pY Z) + k
′′R′′′δs
′′
s1 ρ
σ
σ′′′n′′′ (p
′′′
Y Z)
(
R′′δσ
′′
σ′ −R′ρσ
′′
σ′n′(p
′
Y Z)
)]
, (54)
B6 = −kk′′′δ(k′1 − k′′′)δ(k′ − k′′)δss1(k− k1)δn
′′′
n (pY Z − p′′′Y Z)δn
′′
n′ (p
′
Y Z − p′′Y Z)ρs
′
1
s′′′ (k
′′′)
×
[
RR′′k′δσ
′′
σ′ ρ
s′′
s′ (k
′)ρσ
′′′
σn (pY Z) + k
′′R′′′δs
′′
s′ ρ
σ
σ′′′n′′′(p
′′′
Y Z)
(
R′′δσ
′′
σ′ −R′ρσ
′′
σ′n′(p
′
Y Z)
)]
. (55)
3. Simplification of equation (48)
The presence of the δ-functions under the integrals in equation (48) allows us to reduce a number of integrations.
Let us define two singular measures µ1 and µ2:
dµ1 =
dY dZ
R
dY ′dZ ′
R′
dk
k
dk′
k′
δ
(
n, Y, Z, k | n′, Y ′, Z ′, k′) , (56)
dµ2 =
dY dZ
R
dY ′dZ ′
R′
dY ′′dZ ′′
R′′
dY ′′′dZ ′′′
R′′′
dk
k
dk′
k′
dk′′
k′′
dk′′′
k′′′
×
× δ (n, Y, Z, k | n′, Y ′, Z ′, k′) δ (n′′, Y ′′, Z ′′, k′′ | n′′′, Y ′′′, Z ′′′, k′′′) . (57)
The terms from the rhs of equation (48) can be written as:
∑
n,n′
∫
dµ1A1 =
∑
n
∫
dY dZ
R
Mσ
′s′
σs
(
nY Z
nY Z
∣∣∣∣k1k1
)
ρσσ′n(Z)
[
δs
′
s′
1
ρss1(k1)− δss1ρ
s′1
s′ (k1)
]
(58)
∑
n,...,n′′′
∫
dµ2B1 =
∑
n,n′
∫
dY dZ
R
dY ′dZ ′
R′
dk
k
δ(R′ −R)Mσ′′′s′′′σ′′s′′
(
nY Z
n′Y ′Z ′
∣∣∣∣kk
)
Mσ
′s′
σs
(
n′Y ′Z ′
nY Z
∣∣∣∣ k′1k1
)
ρs
′′
s′′′(k)
×
[
δσ
′′′
σ ρ
σ′′
σ′n′(Z
′)− δσ′′σ′ ρσ
′′′
σn (Z)
] [
δss1ρ
s′1
s′ (k
′
1)− δs
′
s′
1
ρss1(k1)
]
, (59)
∑
n,...,n′′′
∫
dµ2B2 =
∑
n,n′
∫
dY dZ
R
dY ′dZ ′
R′
dk
k
δ(k1 − k)ρσσ′n(Z)ρσ
′′
σ′′′n′(Z
′)
[
M
σ′s′1
σs
(
nY Z
nY Z
∣∣∣∣k1k
)
Mσ
′′′s′′′
σ′′s′′
(
n′Y ′Z ′
n′Y ′Z ′
∣∣∣∣ kk1
)
×
(
δs
′′
s1 ρ
s
s′′′ (k)− δs
′′′
s ρ
s′′
s1 (k1)
)
+Mσ
′s′
σs1
(
nY Z
nY Z
∣∣∣∣ kk1
)
Mσ
′′′s′′′
σ′′s′′
(
n′Y ′Z ′
n′Y ′Z ′
∣∣∣∣ k1k
)(
δs
′′′
s′
1
ρs
′′
s′ (k)− δs
′′
s′ ρ
s′1
s′′′(k1)
)]
, (60)
∑
n,...,n′′′
∫
dµ2B3 =
∑
n,n′
∫
dY dZ
R
dY ′dZ ′
R′
dk
k
δ (n, Y, Z, k1 | n′, Y ′, Z ′, k)
×Mσ′s′σs1
(
n′Y ′Z ′
nY Z
∣∣∣∣ kk1
)
Mσ
′′′s′′′
σ′′s′′
(
nY Z
n′Y ′Z ′
∣∣∣∣ k1k
)
ρs
′′
s′ (k)ρ
σ′′
σ′n′(Z
′)
[
δσ
′′′
σ ρ
s′1
s′′′(k1) + δ
s′′′
s′
1
(
δσ
′′′
σ − ρσσ′′′n(Z)
)]
, (61)
∑
n,...,n′′′
∫
dµ2B4 = −
∑
n,n′
∫
dY dZ
R
dY ′dZ ′
R′
dk
k
δ (n, Y, Z, k | n′, Y ′, Z ′, k1)
×Mσ′s′1σs
(
n′Y ′Z ′
nY Z
∣∣∣∣k1k
)
Mσ
′′′s′′′
σ′′s′′
(
nY Z
n′Y ′Z ′
∣∣∣∣ kk1
)
ρs
′′
s1 (k1)ρ
σ′′
σ′n′(Z
′)
[
δσ
′′′
σ ρ
s
s′′′(k) + δ
s′′′
s
(
δσ
′′′
σ − ρσσ′′′n(Z)
)]
, (62)
∑
n,...,n′′′
∫
dµ2B5 =
∑
n,n′
∫
dY dZ
R
dY ′dZ ′
R′
dk
k
δ (n, Y, Z, k | n′, Y ′, Z ′, k1)
×Mσ′s′1σs
(
n′Y ′Z ′
nY Z
∣∣∣∣k1k
)
Mσ
′′′s′′′
σ′′s′′
(
nY Z
n′Y ′Z ′
∣∣∣∣ kk1
)
ρss′′′ (k)
[
δσ
′′
σ′ ρ
s′′
s1 (k1)ρ
σ′′′
σn (Z) + δ
s′′
s1 ρ
σ
σ′′′n(Z)
(
δσ
′′
σ′ − ρσ
′′
σ′n′(Z
′)
)]
,(63)
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∑
n,...,n′′′
∫
dµ2B6 = −
∑
n,n′
∫
dY dZ
R
dY ′dZ ′
R′
dk
k
δ (n, Y, Z, k | n′, Y ′, Z ′, k1)
×Mσ′s′σs1
(
nY Z
n′Y ′Z ′
∣∣∣∣ kk1
)
Mσ
′′′s′′′
σ′′s′′
(
n′Y ′Z ′
nY Z
∣∣∣∣k1k
)
ρ
s′1
s′′′(k1)
[
δσ
′′
σ′ ρ
s′′
s′ (k)ρ
σ′′′
σn′ (Z
′) + δs
′′
s′ ρ
σ
σ′′′n′(Z
′)
(
δσ
′′
σ′ − ρσ
′′
σ′n(Z)
)]
.(64)
We use the rhs of equations (58)–(64) in the rhs of the final kinetic equation. One can notice that the rhs of expression
(59) vanishes after summation over the electrons spin states and the photons polarizations.
4. Transformation of the left-hand size of equation (48)
It is necessary to rewrite the lhs of equation (48) in terms of the distribution function. Then one can rewrite lhs
through the differential operator. The later transformation is similar to the one, which is made in the quantum field
theory for transition from the limited space-box to the infinite space. Finally we get:
ρ
s′1
s1
(
k
′
1
k1
∣∣∣∣T02
)
− ρs′1s1
(
k
′
1
k1
∣∣∣∣−T02
)
= T0
d
dt
ρ
s′1
s1
(
k
′
1
k1
∣∣∣∣ t
)
= T0k1δ(k
′
1 − k1)
d
dt
ρ
s′1
s1(k1) = k1δ(k
′
1 − k1)
2π
c
dr
dt
ρ
s′1
s1(k1), (65)
where in the later transition the relation δ(k1 − k′1) = cT0/(2π) is used. Then one can restore the dependence of
the photon matrix on time and space coordinates. After rewriting the derivative over the line of sight as the full
derivative, the lhs of the equation takes the covariant form
k1δ(k
′
1 − k1)
2π
c
dr
dt
ρ
s′1
s1(k1) 7−→ 2πδ(k1 − k′1)
(
k1
c
∂
∂t
+ k1
)
ρ
s′1
s1(k1, r1, t) ≡ 2πδ(k1 − k′1)k1∇ρs
′
1
s1(k1, r1, t). (66)
IV. DIFFERENT FORMS OF THE KINETIC EQUATION
A. Kinetic equation for coherency matrix
1. The general form of the kinetic equation
Now one can write the final form of the kinetic equation. In the most general case, we formulate it for the coherency
matrix, where the polarization of electrons is taken into account (i.e. for the situation when there can be non-trivial
spin-distribution of the electron gas). The equation for the case of polarized electrons is:
k1∇ρs
′
1
s1(k1, r1, t) = I1 + I2 + I3, (67)
where
I1 = iα
1
(2π)2
∑
n
∫
dY dZ
R
ρσσ′n(Z)
[
ρss1(k1)M
σ′s′1
σs
(
nY Z
nY Z
∣∣∣∣k1k1
)
− ρs′1s′ (k1)Mσ
′s′
σs1
(
nY Z
nY Z
∣∣∣∣ k1k1
)]
, (68)
I2 =
α2
(2π)3
∑
n,n′
∫
dY dZ
R
dY ′dZ ′
R′
dk
k
δ(k − k1)δ(k cos θ − k1 cos θ1)ρσσ′n(Z)ρσ
′′
σ′′′n′(Z
′)
×
[
2M
σ′s′1
σs
(
nY Z
nY Z
∣∣∣∣k1k
)
Mσ
′′′s′′′
σ′′s1
(
n′Y ′Z ′
n′Y ′Z ′
∣∣∣∣ kk1
)
ρss′′′(k)−Mσ
′s′1
σs
(
nY Z
nY Z
∣∣∣∣k1k
)
Mσ
′′′s
σ′′s′′
(
n′Y ′Z ′
n′Y ′Z ′
∣∣∣∣ kk1
)
ρs
′′
s1 (k1)
−Mσ′′′s′′′σ′′s′
(
n′Y ′Z ′
n′Y ′Z ′
∣∣∣∣k1k
)
Mσ
′s′
σs1
(
nY Z
nY Z
∣∣∣∣ kk1
)
ρ
s′1
s′′′ (k1)
]
, (69)
I3 =
α2
(2π)3
∑
n,n′
∫
dY dZ
R
dY ′dZ ′
R′
dk
k
δ(R+ k −R′ − k1)δ(Z + k cos θ − Z ′ − k1 cos θ1)
×
{[
δσ
′′′
σ ρ
σ′′
σ′n(Z)− δσ
′′
σ′ ρ
σ′′′
σn′(Z
′)
] [
Mσ
′s′
σs1
(
nY Z
n′Y ′Z ′
∣∣∣∣ kk1
)
Mσ
′′′s′′′
σ′′s′′
(
n′Y ′Z ′
nY Z
∣∣∣∣ k1k
)
ρ
s′1
s′′′ (k1) (70)
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+M
σs′1
σ′s′′
(
n′Y ′Z ′
nY Z
∣∣∣∣k1k
)
Mσ
′′s′
σ′′′s′′′
(
nY Z
n′Y ′Z ′
∣∣∣∣ kk1
)
ρs
′′′
s1 (k1)
]
ρs
′′
s′ (k)
+ 2Mσ
′s′
σs1
(
nY Z
n′Y ′Z ′
∣∣∣∣ kk1
)
M
σ′′′s′1
σ′′s′′
(
n′Y ′Z ′
nY Z
∣∣∣∣ k1k
)
ρs
′′
s′ (k)ρ
σ′′
σ′n(Z)
[
δσ
′′′
σ − ρσσ′′′n′(Z ′)
]
− ρσσ′′′n′(Z ′)
[
δσ
′′
σ′ − ρσ
′′
σ′n(Z)
]
×
[
Mσ
′s′′
σs1
(
nY Z
n′Y ′Z ′
∣∣∣∣ kk1
)
Mσ
′′′s′′′
σ′′s′′
(
n′Y ′Z ′
nY Z
∣∣∣∣ k1k
)
ρ
s′1
s′′′(k1) +M
σ′′′s′1
σ′s
(
n′Y ′Z ′
nY Z
∣∣∣∣k1k
)
Mσ
′′s
σs′′
(
nY Z
n′Y ′Z ′
∣∣∣∣ kk1
)
ρs
′′
s1 (k1)
]}
.
There are three terms in the rhs of equations (67). The first and the second terms describes redistribution only
over polarization. The last one describes the general redistribution of the photons over quantum states (energies,
momentum directions and polarization).
2. Equation for the case of non-polarized electrons
The kinetic equation in the case non-polarized electrons one can deduced from equation (67) by averaging over
the spin states of the electrons. There is a relation between the distribution function of the electrons fn(Z) and the
diagonal elements of the electron coherency matrix:
fn(Z) = ρ
1
1n(Z) + ρ
2
2n(Z), (71)
where ρ11n(Z) = ρ
2
2n(Z). The distribution function is normalized to the total number of the electrons:∑
n
∫
dZfn(Z) = Ne. (72)
Then equation for the case of non-polarized electrons is:
k1∇ρs
′
1
s1(k1, r1, t) = J1 + J2 + J3, (73)
where
J1 = i
α
(2π)2
∑
n
∫
dY dZ
R
fn(Z)
2
[
ρss1(k1)M
σs′1
σs
(
nY Z
nY Z
∣∣∣∣k1k1
)
− ρs′1s′ (k1)Mσs
′
σs1
(
nY Z
nY Z
∣∣∣∣ k1k1
)]
, (74)
J2 =
α2
(2π)3
∑
n,n′
∫
dY dZ
R
dY ′dZ ′
R′
dk
k
δ(k − k1)δ(k cos θ − k1 cos θ1)fn(Z)
2
fn′(Z
′)
2
×
[
2M
σs′1
σs
(
nY Z
nY Z
∣∣∣∣k1k
)
Mσ
′′s′′′
σ′′s1
(
n′Y ′Z ′
n′Y ′Z ′
∣∣∣∣ kk1
)
ρss′′′(k)−Mσs
′
1
σs
(
nY Z
nY Z
∣∣∣∣k1k
)
Mσ
′′s
σ′′s′′
(
n′Y ′Z ′
n′Y ′Z ′
∣∣∣∣ kk1
)
ρs
′′
s1 (k1)
−Mσ′′s′′′σ′′s′
(
n′Y ′Z ′
n′Y ′Z ′
∣∣∣∣k1k
)
Mσs
′
σs1
(
nY Z
nY Z
∣∣∣∣ kk1
)
ρ
s′1
s′′′ (k1)
]
, (75)
J3 =
α2
(2π)3
∑
n,n′
∫
dY dZ
R
dY ′dZ ′
R′
dk
k
δ(R+ k −R′ − k1)δ(Z + k cos θ − Z ′ − k1 cos θ1)
× 1
2
{
[fn(Z)− fn′(Z ′)]
[
T s
′′′s′
s′′s1 ρ
s′1
s′′′ (k1) + T
s′1s
′
s′′s′′′ρ
s′′′
s1 (k1)
]
ρs
′′
s′ (k) + 2T
s′1s
′
s′′s1
ρs
′′
s′ (k)fn(Z)
[
1− f
′
n(Z
′)
2
]
−fn′(Z ′)
[
1− fn(Z)
2
] [
T s
′′′s′′
s′′s1 ρ
s′1
s′′′ (k1) + T
s′1s
ss′′ρ
s′′
s1 (k1)
]}
, (76)
where we use a notation for the product of pairs of the scattering matrix elements:
T ikjm ≡Mσiσ′j
(
n′Y ′Z ′
nY Z
∣∣∣∣k1k
)
Mσ
′k
σm
(
nY Z
n′Y ′Z ′
∣∣∣∣ kk1
)
. (77)
After averaging over the spin states of the electrons the last term in the rhs of the kinetic equation simplifies. The
δ-functions under the integrals in the rhs of equations (67) and (73) can be use to reduce the number of integrations
and to simplify the sum.
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3. Equation for the case of non-polarized rarefied electron gas
Another form of the kinetic equations can be obtained in the case of rarefied electron gas. Neglecting in equation
(73) the terms containing squares of the electron distribution function, we gets
k1∇ρs
′
1
s1(k1, r1, t) = K1 +K2 +K3, (78)
where
K1 = i
α
(2π)2
∑
n
∫
dY dZ
R
fn(Z)
2
[
ρss1(k1)M
σs′1
σs
(
nY Z
nY Z
∣∣∣∣k1k1
)
− ρs′1s′ (k1)Mσs
′
σs1
(
nY Z
nY Z
∣∣∣∣ k1k1
)]
, (79)
K2 = 0, (80)
K3 =
α2
(2π)3
∑
n,n′
∫
dY dZ
R
dY ′dZ ′
R′
dk
k
δ(R+ k −R′ − k1)δ(Z + k cos θ − Z ′ − k1 cos θ1)×
× 1
2
{
fn(Z)ρ
s′′
s′ (k)
[
2T
s′1s
′
s′′s1
+ T s
′′′s′
s′′s1 ρ
s′1
s′′′ (k1) + T
s′1s
′
s′′s′′′ρ
s′′′
s1 (k1)
]
−
−fn′(Z ′)
[
ρ
s′1
s′′′ (k1)
(
T s
′′′s′′
s′′s1 + T
s′′′s′
s′′s1 ρ
s′′
s′ (k)
)
+ ρs
′′′
s1 (k1)
(
T
s′1
s
s
s′′′ + T
s′1s
′
s′′s′′′ρ
s′′
s′ (k)
)]}
. (81)
We notice that the first term of equation (73) has not changed, while the second term has now disappeared.
4. Kinetic equation in terms of two polarization modes
In the case of non-polarized rarefied electron gas, equation (78) can be simplified further if one assumes the absence
of correlations between the two linear polarization modes: ρ21(k) = ρ
1
2(k) = 0. Then one can use only one polarization
index for the diagonal elements of the coherency matrix: ρi(k) ≡ ρii(k). The kinetic equation then get the form:
k1∇ρs1(k1, r1, t) = L1 + L2 + L3, (82)
where L1 = 0 and L2 = 0, and
L3 =
α2
(2π)3
∑
n,n′
∫
dY dZ
R
dY ′dZ ′
R′
dk
k
δ(R+ k −R′ − k1)δ(Z + k cos θ − Z ′ − k1 cos θ1)
× T s1s ss1 {fn(Z)ρs(k) [1 + ρs1(k1)]− fn′(Z ′)ρs1(k1) [1 + ρs(k)]} . (83)
This form of the equation is obvious and can be written immediately using physical arguments [22]. In this case
the two modes are considered independently and a possibility of correlation between their phases is not taken into
account.
B. Kinetic equation in terms of Stokes parameters
Equations (67) and (73) can be rewritten in terms of Stokes parameters. Transformation to this form can be
done using trivial linear transformation. Elements of the coherency matrix {ρij(k)} and the Stokes vector N =
(nI, nQ, nU, nV)
T are connected by relations:
nI = (ρ
1
1 + ρ
2
2)/2, nQ = (ρ
1
1 − ρ22)/2, nU = (ρ21 + ρ12)/2, nV = i(ρ21 − ρ12)/2, (84)
ρ11 = nI + nQ, ρ
2
2 = nI − nQ, ρ21 = nU − inV, ρ12 = nU + inV. (85)
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1. General equation for the case of polarized electrons
Using equation (67), one can find the kinetic equation in the case of polarized electrons in terms of Stokes parameters:
k1∇N1 = IP1 + IP2 + IP3 , (86)
where
IP1 = i
α
(2π)2
∑
n
∫
dY dZ
R
fσσ′n(Z)FˆN1, (87)
IP2 =
1
2
α2
(2π)3
∑
n,n′
∫
dY dZ
R
dY ′dZ ′
R′
dk
k
δ(k − k1)δ(k cos θ − k1 cos θ1)fσσ′n(Z)fσ
′′
σ′′′n′(Z
′)
[
Fˆ ′N+ Fˆ ′′N1
]
, (88)
IP3 =
1
2
α2
(2π)3
∑
n,n′
∫
dY dZ
R
dY ′dZ ′
R′
dk
k
δ(R+ k −R′ − k1)δ(Z + k cos θ − Z ′ − k1 cos θ1) (89)
×
{[
δσ
′′′
σ f
σ′′
σ′n(Z)− δσ
′′
σ′ f
σ′′′
σn′ (Z
′)
]
RˆN1 + 2fσ′′σ′n(Z)
[
δσ
′′′
σ − fσσ′′′n′(Z ′)
]
Rˆ′N− 2fσσ′′′n′(Z ′)
[
δσ
′′
σ′ − fσ
′′
σ′n(Z)
]
Rˆ′′N1
}
,
where N = N(k) and N1 = N(k1) are the Stokes vectors, Fˆ , Fˆ ′, Fˆ ′′, Rˆ, Rˆ′ and Rˆ′′ are 4 × 4 complex matrices
acting like linear operators from the real 4-dimensional space to the real 4-dimensional space. The expressions for
these matrices can be found in Appendix B.
2. Equation for the case of non-polarized electrons
The equation for the case of non-polarized electrons can be derived from equation (73):
k1∇N1 = JP1 + JP2 + JP3 , (90)
where
JP1 = i
α
(2π)2
∑
n
∫
dY dZ
R
fn(Z)
2
FˆN1, (91)
JP2 =
1
2
α2
(2π)3
∑
n,n′
∫
dY dZ
R
dY ′dZ ′
R′
dk
k
δ(k − k1)δ(k cos θ − k1 cos θ1)fn(Z)
2
fn′(Z
′)
2
[
Fˆ ′N+ Fˆ ′′N1
]
, (92)
JP3 =
1
2
α2
(2π)3
∑
n,n′
∫
dY dZ
R
dY ′dZ ′
R′
dk
k
δ(R + k −R′ − k1)δ(Z + k cos θ − Z ′ − k1 cos θ1)
×
{
[fn(Z)− fn′(Z ′)] RˆN1 + fn(Z)
[
1− fn′(Z
′)
2
]
Rˆ′N− fn′(Z ′)
[
1− fn(Z)
2
]
Rˆ′′N1
}
, (93)
where Fˆ , Fˆ ′, Fˆ ′′, Rˆ, Rˆ′ and Rˆ′′ are 4× 4 complex matrices that can be found in Appendix C.
3. Equation for the case of non-polarized rarefied electron gas
We derive the equation for the case of rarefied electron gas by neglecting terms containing squared electron distri-
bution functions in equation (90). The equation takes the following form:
k1∇N1 = KP1 +KP2 +KP3 , (94)
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where
KP1 = i
α
(2π)2
∑
n
∫
dY dZ
R
fn(Z)
2
FˆN1, (95)
KP2 = 0, (96)
KP3 =
1
2
α2
(2π)3
∑
n,n′
∫
dY dZ
R
dY ′dZ ′
R′
dk
k
δ(R + k −R′ − k1)δ(Z + k cos θ − Z ′ − k1 cos θ1)×
×
[(
(fn(Z)− fn′(Z ′))Rˆ − fn′(Z ′)Rˆ′′
)
N1 + fn(Z)Rˆ′N
]
, (97)
where Fˆ , Rˆ, Rˆ′ and Rˆ′′ are the same 4× 4 complex matrices as in equations (90)–(93) and presented in Appendix C.
V. SUMMARY
We have deduced a kinetic equation for Compton scattering of polarized radiation in magnetic field. Polarizations
of photons and spin states of electrons, the induced scattering and the Pauli exclusion principle were taken into
account. The equations are written for both the coherency matrix and the Stokes parameters. Additional forms of
the equations valid for the two polarization mode description of radiation is also derived. The equations for both
polarized and non-polarized electrons were obtained. There are no significant (for the conditions in neutron stars
atmospheres) limitations on the energies and the concentrations of the electrons and the photons. The assumptions
made are usual for the kinetic theory and related to the typical time scales of the problem and do not limit significantly
the applicability range.
The equations describe the interaction of radiation and electrons in strong magnetic field up to about 1016 G. There
is no low limit on the B-field strength. At the same time, the derived equations become rather cumbersome in the
case of weak magnetic field, because the electrons can occupy high Landau levels and there will be many terms in the
rhs of the equation, where the summation over the Landau levels is carried out. On that other hand, in the case of
strong magnetic field in neutron star atmospheres electrons typically occupy only ground Landau level (or only a few
low levels), because of a rather low electron temperature and absence of high-energy photons. Therefore, the sums
over n and n′ has only a few terms, which simplifies the equations significantly.
The most general form of the kinetic equation (67) has three terms. The second and the third terms there contain
the products of two elements of the scattering matrix. These terms can be rewritten through the interaction cross
sections. On the contrary, the first term in the rhs of equation (67) contains single elements of the scattering matrix.
This term describes changes of the photon polarization with no corresponding changes in energy and the momentum
direction. The polarization change term has the following form: the changes of the diagonal elements of the coherency
matrix depend only on the non-diagonal elements and changes of the non-diagonal elements depend only on the
diagonal ones. This term describes the rotation of the polarization plane when radiation can be well described only by
the Stokes parameters, and it disappears, if the kinetic equation is reformulated in terms of two polarization modes.
It is possible that this term provides correction to the depolarization in the region of vacuum resonance, which most
likely will not be large because of a small optical depth of this region.
The second term in the rhs of equation (67) describes redistribution of photons with only changes in polarization.
It contains the products of the electron distribution functions and disappears in the equation (78) for rarefied electron
gas. The last term in the rhs of equation (67) describes the general redistribution of photons over energy, directions and
polarizations. This term can be simplified significantly for the cases of non-polarized electrons (73), rarefied electron
gas (78) and for the two-polarization mode description of radiation (82). In the latter case this term is the only term
in the rhs of the kinetic equation and coincides with previously known expressions. The derived equations form the
basis for the construction of models of the radiative transfer in strongly magnetized neutron stars atmospheres and
magnetospheres.
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Appendix A: Transformation from density matrix kernel to distribution function for the electron in magnetic
field
The transformation from the kernel of density matrix to the distribution function for the case of charged particles
in magnetic field is slightly more complicated than in the field-free case. We use the Landau gauge, with the electron
momentum is described by two continuous components Y and Z (corresponding to the y- and z-coordinates) and
one discrete component, which corresponds to the x-coordinate. A transformation from the coordinate representation
to the momentum representation cannot be done using Fourier transforms. Instead one should use a transformation
based on the Ritus eigenfunctions which diagonalize the mass operator of electrons in presence of the external magnetic
field [32].
The kernel of the electron density matrix in the coordinate representation can be obtained from the kernel in the
momentum representation:
ρσ
′
σ (r
′, r) =
∑
n,n′
∫
dY dZ√
Rn(Z)
dY ′dZ ′√
Rn′(Z ′)
ei(Y
′y′−Y y+Z′z′−Zz)Φn′(u
′)Φn(u)ρ
σ′n′
σn
(
Y ′Z ′
Y Z
)
, (A1)
where u = x− Y/b, u′ = x′ − Y ′/b and Φn(x) are the functions related to the parabolic cylinder functions:
Φn(x) =
1
4
√
2π
√
n!
Dn(x).
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These functions compose the complete system satisfying the relations
∞∫
−∞
Φn(x)Φn′(x)dx = δ
n′
n ,
∞∑
n=0
Φn(x)Φn(x
′) = δ(x′ − x).
The inverse transformation from the kernel in coordinate representation to the kernel in momentum representation
can be written in the following way:
ρσ
′n′
σn
(
Y ′Z ′
Y Z
)
=
√
Rn′(Z ′)
√
Rn(Z)
(2π)4
∫
d3rd3r′e−i(Y
′y′−Y y+Z′z′−Zz)Φn′(u
′)Φn(u)ρ
σ′
σ (r
′, r). (A2)
One can define the Wigner function for the electrons in magnetic field:
ρσ
′
σn(r, Y, Z) =
∫
dvydvze
i(Y vy+Zvz)
∫
dx′Φn(u
′)ρσ
′
σ (x
′, y − vy/2, z − vz/2, x, y + vy/2, z + vz/2), (A3)
and rewrite it using the density matrix in momentum representation
ρσ
′
σn(r, Y, Z) = (2π)
2
∑
n′
∫
dY1dZ1√
Rn′(Z1)
dY ′1dZ
′
1√
Rn(Z ′1)
ei[(Y
′
1−Y1)y+(Z
′
1−Z1)z]δ
(
Y − Y1+Y
′
1
2
)
× δ
(
Z−Z1+Z
′
1
2
)
Φn′(u)ρ
σ′n′
σn
(
Y ′1Z
′
1
Y1Z1
)
. (A4)
The inverse transformation from Wigner function to the kernel in momentum representation is
ρσ
′
σ (r
′, r) =
∑
n
Φn(u
′)
∫
dY dZe−i[(y−y
′)Y+(z−z′)Z]ρσ
′
σn(r, Y, Z). (A5)
From (A2) and (A5) one can obtain relation for kernel in momentum representation through the Wigner function:
ρσ
′n′
σn
(
Y ′Z ′
Y Z
)
=
√
Rn′(Z ′)
√
Rn(Z)
(2π)4
∫
d3rd3r′e−i(Y
′y′−Y y+Z′z′−Zz)Φn′(u
′)Φn(u)
∑
n′′
Φn′′(u
′) (A6)
×
∫
dY ′′dZ ′′e−i[(y−y
′)Y ′′+(z−z′)Z′′]ρσ
′
σn′′(r, Y
′′, Z ′′)=
√
Rn′(Z ′)
√
Rn(Z)
(2π)2
∫
d3rei[(Y
′−Y )y+(Z′−Z)z]Φn(u)ρ
σ′
σn′(r, Y
′, Z ′).
To understand how to simplify equation (A6), let us consider a 1-dimensional problem, where the electron is
described by its x-coordinate. The expansion of the density matrix kernel in coordinate representation is given by
the following expression
ρ(x′, x) =
∑
n,n′
Φn′(x
′)Φn(x)ρn,n′ . (A7)
The inverse transformation is
ρn,n′ =
∫
dx′dx Φn′(x
′)Φn(x)ρ(x
′, x). (A8)
Combining (A7) and (A8) one gets:
ρ(x′, x) =
∑
n,n′
Φn′(x
′)Φn(x)
∫
dx′′′dx′′Φn′(x
′′′)Φn(x
′′)ρ(x′′′, x′′) =
∑
n′
Φn′(x
′)ρn′(x), (A9)
where
ρn′(x) =
∑
n
Φn(x)
∫
dx′′′dx′′Φn′(x
′′′)Φn(x
′′)ρ(x′′′, x′′) =
∫
dx′′′dx′′Φn′(x
′′′)δ(x′′ − x)ρ(x′′′, x′′) =
=
∫
dx′Φn′(x
′)ρ(x′, x). (A10)
20
If one considers the density matrix on a sufficiently short time scales, then there are no mixed states in the Landau
levels and the coefficients ρn,n′ in equation (A7) have only diagonal terms ρn,n′ = δ
n′
n ρn,n. Therefore,
ρ(x′, x) =
∑
n,n′
Φn′(x
′)Φn(x)ρn,n. (A11)
Substituting this to equation (A10), we get
ρn(x) = Φn(x)ρn,n. (A12)
This proves that in a more general case ρσ
′
σn′(r, Y
′, Z ′) = Φn′(u)ρ
σ′
σn(Z
′). This simplifies relation (A6):
ρσ
′n′
σn
(
Y ′Z ′
Y Z
)
=
√
Rn′(Z ′)
√
Rn(Z)
(2π)2
∫
d3rei[(Y
′−Y )y+(Z′−Z)z]Φn(u)Φn′(u)ρ
σ′
σn′(Z) =
=
√
Rn′(Z ′)
√
Rn(Z)δ(Y
′ − Y )δ(Z ′ − Z)δn′n ρσ
′
σn′(Z
′) = Rn(Z)δ(Y
′ − Y )δ(Z ′ − Z)δn′n ρσ
′
σn(Y, Z). (A13)
This completes the proof of equation (26).
Appendix B: Expressions for matrices in equations (87)–(89)
The expressions for the matrix Fˆ = {Fij} in equation (87) can be written in the following form:
F1k = Fk1 = Fmm = 0, (k,m = 1, 2, 3, 4), (B1)
F23 = 〈12〉 − 〈21〉, F24 = −i(〈12〉+ 〈21〉), F32 = −F23, F34 = i(〈11〉 − 〈22〉), F42 = −F24, F43 = −F34,
where we defined
〈jk〉 ≡Mσ
′j
σk
(
nY Z
nY Z
∣∣∣∣k1k1
)
. (B2)
The elements of matrices Fˆ ′ = {F ′ij} and Fˆ ′ = {F ′′ij} can be represented as(
F ′11
F ′
21
)
= 2(γ1111 + γ
12
21 ± γ2112 ± γ2222),
(
F ′12
F ′
22
)
= 2(γ1111 − γ1221 ± γ2112 ∓ γ2222),(
F ′13
F ′
23
)
= 2(γ1211 + γ
11
21 ± γ2212 ± γ2122),
(
F ′14
F ′
24
)
= 2i(γ1211 − γ1121 ± γ2212 ∓ γ2122),(
F ′31
F ′
41
)
= 2
(
1
i
)
(γ2111 + γ
22
21 ± γ1112 ± γ1222),
(
F ′32
F ′
42
)
= 2
(
1
i
)
(γ2111 − γ2221 ± γ1112 ∓ γ1222), (B3)(
F ′33
F ′
43
)
= 2
(
1
i
)
(γ2211 + γ
21
21 ± γ1212 ± γ1122),
(
F ′34
F ′
44
)
= 2
(
−
i
1
)
(γ2211 − γ2121 ± γ1212 ∓ γ1122),
F ′′jj = −γ1ss1 − ζ1ss1 − γ2ss2 − ζ2ss2 (j = 1, 2, 3, 4),
F ′′12 = F
′′
21 = −γ1ss1 − ζ1ss1 + γ2ss2 + ζ2ss2 , F ′′13 = F ′′31 = −γ1ss2 − ζ2ss1 − γ2ss1 − ζ1ss2 ,
F ′′14 = F
′′
41 = i(γ
1s
s2 − ζ2ss1 − γ2ss1 + ζ1ss2 ), F ′′23 = −F ′′32 = −γ1ss2 − ζ2ss1 + γ2ss1 + ζ1ss2 , (B4)
F ′′24 = −F ′′42 = i(γ1ss2 − ζ2ss1 + γ2ss1 − ζ1ss2 ), F ′′34 = −F ′′43 = i(−γ1ss1 + ζ1ss1 + γ2ss2 − ζ2ss2 ),
where
γjlkm ≡Mσ
′j
σk
(
nY Z
nY Z
∣∣∣∣k1k
)
Mσ
′′′l
σ′′m
(
n′Y ′Z ′
n′Y ′Z ′
∣∣∣∣ kk1
)
, ζjlkm ≡Mσ
′′′j
σ′′k
(
n′Y ′Z ′
n′Y ′Z ′
∣∣∣∣k1k
)
Mσ
′l
σm
(
nY Z
nY Z
∣∣∣∣ kk1
)
. (B5)
The matrix Rˆ is a sum of the products of the elements of vector N (the Stokes parameters) and four matrices
Rˆ = RˆInI + RˆQnQ + RˆUnU + RˆVnV. (B6)
21
The elements of the matrices RˆI,Q,U,V are:
(
R11
R12
)(I)
= A1111 ±A2112 +A1221 ±A2222,
(
R13
R14
)(I)
=
(
1
i
)
(±A1112 +A2111 ±A1222 +A2221),(
R21
R22
)(I)
= A1111 ∓A2112 +A1221 ∓A2222,
(
R23
R24
)(I)
=
(
1
i
)
(B2111 ∓B1112 +B2221 ∓B1222),(
R31
R32
)(I)
= ±C2111 + C1112 ± C2221 + C1222 ,
(
R33
R34
)(I)
=
(
1
i
)
(±C1111 + C2112 ± C1221 + C2222 ),(
R41
R42
)(I)
= ±D2111 + C1111 ±D2221 + C1221 ,
(
R43
R44
)(I)
=
(
1
i
)
(∓D1112 − C2112 ∓D1222 − C2222 ), (B7)
(
R11
R12
)(Q)
= A1111 ±A2112 −A1221 ∓A2222,
(
R13
R14
)(Q)
=
(
1
i
)
(±A1112 +A2111 ∓A1222 − A2221),(
R21
R22
)(Q)
= A1111 ∓A2112 −A1221 ±A2222,
(
R23
R24
)(Q)
=
(
1
i
)
(B2111 ∓B1112 −B2221 ±B1222),(
R31
R32
)(Q)
= ±C2111 + C1112 ∓ C2221 − C1222 ,
(
R33
R34
)(Q)
=
(
1
i
)
(±C1111 + C2112 ∓ C1221 − C2222 ),(
R41
R42
)(Q)
= ±D2111 + C1111 ∓D2222 − C1221 ,
(
R43
R44
)(Q)
=
(
1
i
)
(∓D1112 − C2112 ±D1222 + C2222 ), (B8)
(
R11
R12
)(U)
= A1121 ±A2122 +A1211 ±A2212,
(
R13
R14
)(U)
=
(
1
i
)
(±A1122 +A2121 ±A1212 +A2211),(
R21
R22
)(U)
= A1121 ∓A2122 +A1211 ∓A2212,
(
R23
R24
)(U)
=
(
1
i
)
(B2121 ∓B1122 +B2211 ∓B1212),(
R31
R32
)(U)
= ±C2121 + C1122 ± C2211 + C1212 ,
(
R33
R34
)(U)
=
(
1
i
)
(±C1121 + C2122 ± C1211 + C2212 ),(
R41
R42
)(U)
= ±D2121 + C1121 ±D2211 + C1211 ,
(
R43
R44
)(U)
=
(
1
i
)
(∓D1122 − C2122 ∓D1212 − C2212 ), (B9)
(
R11
R12
)(V )
= i(−A1121 ∓A2122 +A1211 ±A2212),
(
R13
R14
)(V )
=
(
i
1
)
(−A1122 ∓A2121 +A1212 ±A2211),(
R21
R22
)(V )
= i(−A1121 ±A2122 +A1211 ∓A2212),
(
R23
R24
)(V )
=
(
i
1
)
(∓B2121 +B1122 ±B2211 −B1212),(
R31
R32
)(V )
= i(∓C2121 − C1122 ± C2211 + C1212 ),
(
R33
R34
)(V )
=
(
i
1
)
(−C1121 ∓ C2122 + C1211 ± C2212 ),(
R41
R42
)(V )
= i(∓D2121 − C1121 ±D2211 + C1211 ),
(
R43
R44
)(V )
=
(
i
1
)
(D1122 ± C2122 −D1212 ∓ C2212 ), (B10)
where we introduced the following combinations of the scattering matrices:
Ajlkm =M
σ′′′j
σ′′k
(
n′Y ′Z ′
nY Z
∣∣∣∣k1k
)
Mσ
′l
σm
(
nY Z
n′Y ′Z ′
∣∣∣∣ kk1
)
+Mσjσ′k
(
n′Y ′Z ′
nY Z
∣∣∣∣k1k
)
Mσ
′′l
σ′′′m
(
nY Z
n′Y ′Z ′
∣∣∣∣ kk1
)
, (B11)
Bjlkm =M
σ′′′j
σ′′k
(
n′Y ′Z ′
nY Z
∣∣∣∣k1k
)
Mσ
′l
σm
(
nY Z
n′Y ′Z ′
∣∣∣∣ kk1
)
−Mσjσ′k
(
n′Y ′Z ′
nY Z
∣∣∣∣k1k
)
Mσ
′′l
σ′′′m
(
nY Z
n′Y ′Z ′
∣∣∣∣ kk1
)
, (B12)
Cjlkm =M
σ′′′j
σ′′k
(
n′Y ′Z ′
nY Z
∣∣∣∣k1k
)
Mσ
′l
σm
(
nY Z
n′Y ′Z ′
∣∣∣∣ kk1
)
+M
σ(3−j)
σ′k
(
n′Y ′Z ′
nY Z
∣∣∣∣k1k
)
Mσ
′′l
σ′′′(3−m)
(
nY Z
n′Y ′Z ′
∣∣∣∣ kk1
)
, (B13)
Djlkm =M
σ′′′j
σ′′k
(
n′Y ′Z ′
nY Z
∣∣∣∣k1k
)
Mσ
′l
σm
(
nY Z
n′Y ′Z ′
∣∣∣∣ kk1
)
−Mσ(3−j)σ′k
(
n′Y ′Z ′
nY Z
∣∣∣∣k1k
)
Mσ
′′l
σ′′′(3−m)
(
nY Z
n′Y ′Z ′
∣∣∣∣ kk1
)
. (B14)
22
The elements of the matrices Rˆ′ are(
R′11
R′
12
)
= ξ1111 + ξ
12
21 ± ξ2112 ± ξ2222 ,
(
R′13
R′
14
)
=
(
1
i
) (
ξ1112 + ξ
12
22 ± ξ2111 ± ξ2221
)
,(
R′21
R′
22
)
= ξ1111 − ξ2112 ± ξ1221 ∓ ξ2222 ,
(
R′23
R′
24
)
=
(
1
i
) (
ξ1121 − ξ2122 + ξ1211 − ξ2212
)
, (B15)(
R′31
R′
32
)
= ξ2111 + ξ
11
12 ± ξ2221 ± ξ1222 ,
(
R′33
R′
34
)
=
(
1
i
) (±ξ2121 ± ξ1122 + ξ2211 + ξ1212) ,(
R′41
R′
42
)
= ξ2111 − ξ1112 ± ξ2221 ∓ ξ1222 ,
(
R′43
R′
44
)
=
(
1
i
) (±ξ2121 ∓ ξ1122 + ξ2211 − ξ1212) ,
where we defined
ξjlkm ≡ Mσ
′j
σk
(
n′Y ′Z ′
nY Z
∣∣∣∣k1k
)
Mσ
′′′l
σ′′m
(
nY Z
n′Y ′Z ′
∣∣∣∣ kk1
)
. (B16)
The elements of the matrices Rˆ′′ are(
R′′11
R′′
12
)
= φ1ss1 + ̺
1s
s1 ± φ2ss2 ± ̺2ss2,
(
R′′13
R′′
14
)
=
(
1
i
) (±φ1ss2 ± ̺1ss2 + φ2ss1 + ̺2ss1) ,(
R′′21
R′′
22
)
=
(
R′′12
R′′
11
)
,
(
R′′23
R′′
24
)
=
(
1
i
) (∓φ1ss2 ± ̺1ss2 + φ2ss1 − ̺2ss1) , (B17)(
R′′31
R′′
32
)
= φ1ss2 ± ̺1ss2 ± φ2ss1 + ̺2ss1,
(
R′′33
R′′
34
)
=
(
1
i
) (±φ1ss1 + ̺1ss1 + φ2ss2 ± ̺2ss2) ,(
R′′41
R′′
42
)
=
(
−
R′′14
R′′
24
)
,
(
R′′43
R′′
44
)
=
(
−R
′′
34
R′′
11
)
,
where we defined
φjlkm ≡Mσ
′′′j
σ′′k
(
n′Y ′Z ′
nY Z
∣∣∣∣k1k
)
Mσ
′l
σm
(
nY Z
n′Y ′Z ′
∣∣∣∣ kk1
)
, ̺jlkm ≡Mσ
′′′j
σ′k
(
n′Y ′Z ′
nY Z
∣∣∣∣k1k
)
Mσ
′′l
σm
(
nY Z
n′Y ′Z ′
∣∣∣∣ kk1
)
. (B18)
Appendix C: Expressions for matrices in equations (91)–(93)
Matrix Fˆ = {Fij} in equation (91) has the same form as in the case of polarized electrons (B1), but where σ′ = σ
should be substituted in the definitions of 〈jk〉. Matrices Fˆ ′ and Fˆ ′′ also have the same forms as in the case of polarized
electrons given by equations (B3) and (B4), where σ′ = σ and σ′′′ = σ′′ should be used in the expression for γikjm and
ζikjm.
Matrix Rˆ can be represented by expression (B6). The elements of RˆI can be represented through tensors T ikjm
defined by relation (77):
(
R11
R12
)(I)
= T 1111 ± T 2112 + T 1221 ± T 2222 ,
(
R13
R14
)(I)
= (1i )(T
21
11 ± T 1112 + T 2221 ± T 1222 ),(
R21
R22
)(I)
=
(
R12
R11
)(I)
,
(
R23
R24
)(I)
= 0,
R
(I)
31 = R
(I)
13 , R
(I)
32 = 0, R
(I)
33 = R
(I)
11 , R
(I)
34 = i
(−T 1221 − T 2222 ) ,
R
(I)
41 = i
(
T 2111 + T
22
21
)
, R
(I)
42 = i
(
T 1112 + T
12
22
)
, R
(I)
43 = 0, R
(I)
44 = T
11
11 + T
21
12 . (C1)
The elements of RˆQ can be represented as
(
R11
R12
)(Q)
= T 1111 ± T 2112 − T 1221 ∓ T 2222 ,
(
R13
R14
)(Q)
=
(
1
i
) (
T 2111 ± T 1112 − T 2221 ∓ T 1222
)
,(
R21
R22
)(Q)
=
(
R12
R11
)(Q)
,
(
R23
R24
)(Q)
= 0,
R
(Q)
31 = R
(Q)
13 , R
(Q)
32 = 0, R
(Q)
33 = R
(Q)
11 , R
(Q)
34 = −R(I)34 ,
R
(Q)
41 = i
(
T 2111 − T 2221
)
, R
(Q)
42 = i
(
T 1112 − T 1222
)
, R
(Q)
43 = 0, R
(Q)
44 = R
(I)
44 . (C2)
23
The elements of RˆU are(
R11
R12
)(U)
= T 1211 ± T 2212 + T 1121 ± T 2122 ,
(
R13
R14
)(U)
=
(
1
i
) (
T 2211 ± T 1212 + T 2121 ± T 1122
)
,(
R21
R22
)(U)
=
(
R12
R11
)(U)
,
(
R23
R24
)(U)
= 0,
R
(U)
31 = R
(U)
13 , R
(U)
32 = 0, R
(U)
33 = R
(U)
11 , R
(U)
34 = 0,
R
(U)
41 = i
(
T 2211 + T
21
21
)
, R
(U)
42 = i
(
T 1212 + T
11
22
)
, R
(U)
43 = 0, R
(U)
44 = T
12
11 + T
22
12 + T
11
21 + T
21
22 . (C3)
The elements of RˆV are(
R11
R12
)(V )
= T 1211 ± T 2212 − T 1121 ∓ T 2122 ,
(
R13
R14
)(V )
=
(
1
i
) (±T 2211 + T 1212 ∓ T 2121 − T 1122 ) ,(
R21
R22
)(V )
=
(
R12
R11
)(V )
,
(
R23
R24
)(V )
= 0,
R
(V )
31 = R
(V )
13 , R
(V )
32 = 0, R
(V )
33 = R
(V )
11 , R
(V )
34 = 0,
R
(V )
41 = −T 2211 + T 2121 , R(V )42 = −T 1212 + T 1122 , R(V )43 = 0, R(U)44 = i
(
T 1211 + T
22
12 − T 1121 − T 2122
)
. (C4)
The expressions for the elements of Rˆ′ are(
R′11
R′
12
)
= T 1111 + T
21
12 ± T 1221 ± T 2222 ,
(
R′13
R′
14
)
=
(
1
i
) (
T 1211 + T
22
12 ± T 1121 ± T 2122
)
,(
R′21
R′
22
)
= T 1111 − T 2112 ± T 1221 ∓ T 2222 ,
(
R′23
R′
24
)
= T 1211 − T 2212 ± T 1121 ∓ T 2122 ,(
R′31
R′
32
)
= T 2111 + T
11
12 ± T 2221 ± T 1222 ,
(
R′33
R′
34
)
=
(
1
i
) (
T 2211 + T
12
12 ± T 2121 ± T 1122
)
,(
R′41
R′
42
)
= i
(
T 2111 − T 1112 ± T 2221 ∓ T 1222
)
,
(
R′43
R′
44
)
=
(
i
1
) (±T 2211 ∓ T 1212 + T 2121 − T 1122 ) , (C5)
and the elements of Rˆ′′ are as follows:(
R′′11
R′′
12
)
= T 1ss1 ± T 2ss2 ,
(
R′′13
R′′
14
)
=
(
1
i
) (
T 2ss1 ± T 1ss2
)
,
(
R′′21
R′′
22
)
=
(
R′′12
R′′
11
)
,
(
R′′23
R′′
24
)
= 0,
R′′31 = R
′′
13, R
′′
32 = R
′′
34 = R
′′
42 = R
′′
43 = 0, R
′′
33 = R
′′
11, R
′′
41 = R
′′
14, R
′′
44 = R
′′
11. (C6)
